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Riemann solutions in magnetohydrodynamics were first analyzed in [1-3].
There has as yet been no success in finding a similar solution for a
two-component quasji-neutral plasma.

There are a number of investigations [4.5] of the nonlinear oscilla-
tions in a plasma across an external magnetic field, in which the de-
pendence of all the quantities on the variable £ = : — vt is assumed,
where v is the constant wave propagation velocity. Such investigations
were carried out in [6-8) for waves being propagated in a plasma along
a magnetic field no. It was shown in [6,7] that a solitary compression
wave moving at the velocity

n, (m - ) 1t ]”z

8 (no -k n,) ngmy-mg

exists in a cold plasma

Here m_ , m  are the electron and lon mass, respectively; n, the
plasma density at the point § = 0 and n, at infinity (§ = % @ ), More-
over, the following quasi-neutraljty conditions were obtained [7] for a

cold plasma:v’ << (mc/mi)cz-

Certain questions associated with the propagation of a solitary wave
along a magnetic field in a two-component, quasi-neutral plasma in which
binary collisions are lacking are examined below; the existence of
magnetosonic solitary waves is investigated. In the case of a cold plasma
it is found that the positive charge in a solitary compression wave is
held around the maximum of the plasma density and the plasma is charged
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positively in this region but is negative at a distance from the maximpum.
For weak waves the value of the half-width and velocity of the waves as
well as the quasi-neutrality condition for a hot plasma are obtained.
Moreover, it is shown that the profile of a magnetosonic wave is de-
formed during its motion.

1. Fundamental equations. Let us assume that the wave moves
along the z-axis along which the magnetic field H, is directed. The re-
spective motion equations for ions and electrons moving with velocity
v,, v, and with density n;, n, are

d H

mn; (v — )-;—-gradp — en; {L‘»}—v X } (1.1)
dv, . X H

Melte (v — up) — = grad p, + ene [E 42 } (1.2)

Here u, and u, are the ion and electron velocities along the z-axis;
p; and p, the partial pressures of the ion and electron gas, respec-
tively; E and H the electric and magnetic field intensities, respec-

tively; e the magnitude of the charge on the electron (ion); ¢ the velo-
city of light.

Let us take the continuity equation in the form

i@ —u)] =0, % [Re(v —1u)] =0 1.3

and the Maxwell equation as

4, v dH .
rotH:ig—J, rot E_?{d_d divH =10 (1.4)

div E = 4me (n; — n,) (1.5)
(i=e(n;vi —ngv,) —current in the plasma)

The plasma is assumed quasi-neutral, i.e. n, = n, = n. We neglect
the difference (n; - n,) everywhere except in (1.5). This small differ-
ence specifies the appearance of the electrostatic field E_, which is
the reason for the motion of the heavy positive ions. Moreover, equation
(1.5) permits an estimate of the limits of the validity of the assump-
tion on the quasi-neutrality of the plasma.

Let us introduce the notation (1.6)

", 4 i, inv {m, —m)*
Y= . . By (‘XP[.)"h‘], (lﬁz;——“i"y n,:?’?'a Y]=‘E‘
[8ztng (|- 1) ¢2]' 2p mm, n i
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b

pa? — He dn o = " m,m,c* aY
: 4ang (m; +m,) ' dh ~ ’ T lmy+m) 4:rmoe2J

llere H_ and H; are components of the magnetic field Il along the x-
and y-axes. The problem is steady-state in the £ variables. Let us look
for the solution for the solitary wave which is symmetric relative to
§ = 0. Hence, the boundary conditions will be: the velocities v,, ¥,
the field components E;, E_, Ez, H., H, and their derivatives with re-
spect to § tend to zero at § = t o, Moreover, the magnitudes of the
density and pressure of the electron and ion gas tend to the undisturbed
value (i.e. at { = t o),

Carrying out simple manipulations of (1.1), (1.4) and using (1.6), we

can write the equalities 1.7
a2 , (fl 4—4)27 — Ti-]L- Tp\‘
d‘%-‘-‘[" g ]\P $2=(1—n')+ 2[1——('1)Y] (vo’:'m—i‘_{__m:,
. (m —m;)2 y(ml’l' m TP) ——1 ,1,,
Le= el Tmt—m A (') —1 (1.8)

Here T, and T; are the undisturbed temperatures for the electron and
ion gas, respectively; y the adiabatic exponent, which is considered to
be the same for the electron and ion gas (y =1, 5/3, 2).

According to (1.7), the function y can be selected as real. This
latter property was used in obtaining the second equation of (1.7). The
variable h in the system of waves corresponds to the time in Lagrangean
coordinates. Then, y real means that the frequency of precession of the
magnetic field H around H; is independent of the plasma temperature.
This latter is caused by the isotropy of the temperature.

It is assumed below that the plasma is cquilibrium, ie. T, =T,
Integrating (1.7), using the relation for y? mentioned in (1.7) here

we obtain

J;jf = x “_.(,"’)2) (2 — ¢ 2(n)] [o® — 02 ()]} (1.9)
p

Here

exf (1) = ST A () L) ) (= L) (= ()]

(n- AN

 g—— . (1.10)
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| w




Propagation of a solitary wave in a plasma 119

N e o] (Nt ) IO (L e i}
L (') = T(1—n) (1—1)(1 y T
(1 + n) Kn')”“" 1 [ A+ ()" — ((n:)“*+1 —1) ]

It is easy to establish the following properties of the function
I {(n"}:
+

I,(1)y=1I_(1)=1 for n=1, I,(n)y>1, I_(n)<<1 tor w1

Here the equality sign for I (n’) corresponds to the case y = 2,
n" >1and for I_(n') to thecase y =2, n’ <1,

2. The solitary wave. To obtain the solution in the form of a
solitary wave, the sign before the square root in (1.9) is selected in
such a manner that: if the specific sign before the radical corresponds
to a negative value of h, then the opposite sign would correspond to the
positive value of h. Since the solution is sought as continuous every-
where (up to the second derivatives inclusively), then the derivative
must vanish at the point h = 0 (in this paper n’ # 0, n’ # ® throughout)

dg /dh = 0. 2.1
If the y = 0 case is excluded from the analysis, then the derivatives
dy/dh and dn’/dh vanish simultaneously. Condltlon (2.1) yields the

following value for the velocity of the rapid v, (n ") and slow v -(n,")
magnetosenic waves (n ' # 1):

042 =04 (n,) (2.2)

flere n_’ is the extremal value of n'. The expression for vy takes on
a partlcufarly simple form for y = 2, I =

{a% - 4y v ®
+ 2y & ¢
?/'4_ —_— ?)"_ —— “‘—‘"'—Z;?—‘* {'3‘3}
In the limiting cases
(0 4-4) v 2
y 2 m—-———-..L ? - e g ==
v,° = 2(1»}»)1*’) R V_" == O for Te T,L 0 (2.4)
2yvg fn—v-1
Al 2 P ‘Y 3 et s
vt == T—nd=n) " — 11, r2=( for vy =0 {2.5)

Expandlng the expression for viz(n ) in powers of (1 = n’) and retain-

ing terms containing the coefficients 1, (1 = n’), (1 - n’)%, we obtain
the results
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For I - 1> |1 - n"l

, . T+H1)
I 1m0 =1+ [T+ () sgn (0 —n)] 00— )+ 2 1) +
+ B+ D" sgn (1 —n,)}(1 —n,)? (2.6)

we have
_ @t Lone (1 i+l , .
?)+2—= A {1+ +[Z"—m](1—n‘)2} (2/)

»

] "1‘1 ’ 1 19
vf= {1+ 0520 —n) 5 S5+ 24 g1 —nyy)
(2.8)

For (1 - I) > |1 - n"}
! AN
I<I (n‘,) =1 + [% - (l_d—i) sgn (1 - nt/)] (1 - nt,) +

+ EE N+ ) —Br = D egn (L —n ) (1 —n)2 (2.9)

we have
(2.10)
N 41 . '
v+-=7v02{1—{—(l§——-)(1——n*)-{-- 0+ 1)[( +2) — —1_7‘)](1‘_”:)2}
(a'2+4)v2.[ N 1_ . , 1 , .

For the existence of a solitary wave describing the character of the
change in the plasma density and the magnetic field, determined by the
quantity

.2 IFp2

Z 8an, 1m1 - m o) v*

simul taneous compliance is necessary with the following inequalities:
Y2 >0, (dy /dh)? >0, (dn’ /dh)* >0 (2.12)

If the first two inequalities of (2.12) are satisfied for dn’/dh = o
at a point h # 0, then a solitary wave exists only for a change in the
magnetic field. It follows from formulas (2.3) to (2.5}, (2.7), (2.8),
(2.10), (2.11) that a fast, solitary compression wave exists for I >> 1;
a fast solitary rarefaction wave exists for I << 1 only for the magnetic
field; no solitary wave exists for I = 1.
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The boundary conditions and formula (1.3) lead to the equality
W=u;=u.=(l—n"v (2.13)

We obtain from (2.4), (2.5), (2.7), (2.10) and (2.13)

(m e - (n))1 <0 (2.14)
The inequality (2.14) shows that tlie profile of a magnetosonic wave
is deformed during its motion.

3. Distribution of particle charge and energy within a
solitary wave. Under conditions of quasi-neutrality of the plasma,
the electron and 1on kinetic energy is determined, respectively, by the
formulas (in the system of waves)

c_ o [A= e e v L M) ,
Wem m (Em 08 — 0 ()0 — )] 4+ = (3.1)
- (1 —(n")»z? Yo A=Y+l _ LM (n')?
W= m fOE0E ) 10+ 25 (3.2)

The ion kinetic energy increases as n’ increases and the electron
energy decreases. This proves that the ion is held in the neighborhood
of a peak of the solitary wave. For a cold plasma (T, =T, = 0) in the
domain 1 > n’ >12/2, the ion kinetic energy is greater than the
electron kinetic energy and, vice-versa in the domain 0 < n’ <J2/2.

It is assumed below that the plasma is cold. The second formula of
(1.7) and (1.9) lead to the following form for the profile of the soli-
tary compression wave:

1

(7] {eon [’1‘_"‘5] —t—n) @ —nN" =20 @33

1—n,") n

where the plus and minus signs correspond to positive and negative 1.

In order to establish the charge distribution within a solitary wave,

let us write the expression for the plasma charge (n; ~ n ) by using
(1.5), (1.7) vo (1.9)

(3.4)

ni— R, 3(mZ—m2 (1 —n") [(1 + 21, n,]
= 3 —_

2,7
ng mmcn

A qualitative picture of the profile and the charge distribution
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within a solitary wave is given on the figure. Points with the coordi-

nates 1; and - 1, separate the positively from the negatively charged
domains.

The value n, is determined by the equality

= (2] e (8- 42528

The coordinates n, and - 1, correspond to
inflection points of the curve of the soli-
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tary wave. The inequality n, < n, is satisfied for all n_°.

Integrating (3.4) in the domains (0, n;)} and (n,;, + ®), we see that
the obtained expressions are equal in magnitude but opposite in sign;
this indicates the complete electrical neutrality of the plasma on the
right branch of the solitary wave. The calculation for the left branch
of the solitary wave is carried out analogously.

4. Width of the solitary wave. Formulas (1.7), (1.9) yield an
expression for dn'/dh; expanding the latter in powers of (1 — n’) and
retaining terms with coefficients (1 - n"), (1 - n’)?, we find after
integration of the obtained result

1 —n' = %.Zsech2 [(%})Wﬂ]

(r+1) (a2t 42 =)

. (4.1)
(dlz E=3 2(‘1 _ M”,__z) ”6(1‘192'—1)>1’ M H2: —“‘v_]"’é‘"‘—‘, I“Io :W

Hence, the half-width of weak solitary waves and the magnitude of
the amplitude depend on both the magnetic field H; and on the tempera-
ture of the plasma.

5. Quasi-neutrality of the plasma. Using (1.5), (1.7) to (1.9)
and retaining terms containing (1 - n") and (1 - n’)? in the expression
for {(n; -~ n,) we obtain

(n; — n(,l _ ’;y‘l(m%—mﬁ)(i — I:",)(iz—- M . H{l—nY [“J . (21.;1 I _}j 1) 4
Ny nm e (1 — Iy)
Ba? S04y (5.1)
2 sup—-1

1T, )
(El T 4 omy) 3

A necessary condition for quasi-neutrality is

ny—n. | < n,
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This leads to the inequalities
n
2=t a2 N 2 -
d <€;’”‘c , r<gme (5.2)
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